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LIMIT SETS FOR CONVEX COCOMPACT GROUPS IN
HIGHER RANK SYMMETRIC SPACES
SUNGWOON KIM
Abstract. We show that every limit point of a discrete subgroup Γ of
the isometry group of a symmetric space of noncompact type is conical
if and only if Γ is convex cocompact.
1. Introduction
Let X be a symmetric space of noncompact type and G be the identity
component of the isometry group of X. Let Γ be a discrete subgroup of G.
Choose a base point o ∈ X. Then the limit set LΓ of Γ is defined by
LΓ = Γ · o ∩ ∂∞X,
where ∂∞X is the geometric boundary of X with the cone topology. In order
to describe how the orbits of Γ approach the limit points of Γ, there have
been many studies of the types of limit points, such as conical limit points,
radial limit points, and horospherical limit points (see [1, 8, 10]). We concern
ourselves with conical limit points, a type which has played an important
role in studying convex cocompact groups in rank one symmetric spaces.
Definition 1.1. A point ξ ∈ ∂∞X is called a conical limit point of Γ if for
some (and hence every) geodesic ray φξ tending to ξ, there exists a sequence
{γn} ⊂ Γ such that d(γnx, φξ) is uniformly bounded.
A group Γ is said to be convex cocompact if there is a Γ-invariant convex
subset C ⊂ X with compact quotient C/Γ. There are many important ex-
amples of convex cocompact groups in rank one symmetric spaces, such as
quasi-Fuchsian surface groups and Schottky groups. For higher rank sym-
metric spaces, it turns out that the notion of convex cocompact group does
not give new examples beyond the rank one convex cocompact groups. More
precisely, Kleiner–Leeb [7] and Quint [12] proved that the only way to pro-
duce convex cocompact groups in higher rank symmetric spaces is to take
products of uniform lattices and rank one convex cocompact groups.
For Hadamard spaces of pinched negative curvature, Bowditch [3] gave
many equivalent definitions of a convex cocompact group. One of them
is as follows. When X has negative sectional curvature, then Γ is convex
cocompact if and only if every limit point of Γ is conical. In higher rank
symmetric spaces, it is still true that if Γ is convex cocompact, then every
limit point of Γ is conical. It is therefore of interest to explore whether the
converse holds in higher rank symmetric spaces. The aim of this paper is
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to answer the question in the affirmative. Namely, the main theorem is the
following.
Theorem 1.2. Let X be a symmetric space of noncompact type and let Γ
be a Zariski dense discrete subgroup of the isometry group of X. Then Γ is
convex cocompact if and only if every limit point of Γ is conical.
Link [8] defined the notion of radially cocompact group (see Definition 4.2)
in higher rank symmetric spaces to replace the notion of rank one convex
cocompact group and then showed that if Γ is radially cocompact and Zariski
dense, the Hausdorff dimension of the radial limit set in a given subset Γ · ξ
equals the exponent of growth in the direction Γ ·ξ. The question we concern
ourselves with is whether the notion of radially cocompact group gives a new
class of discrete groups in higher rank symmetric spaces.
Examples of radially cocompact groups include convex cocompact groups
in rank one symmetric spaces of noncompact type, uniform lattices acting
on symmetric spaces, and products of rank one convex cocompact groups.
As will be seen in Corollary 1.3, these are essentially the only examples to
produce radially cocompact groups.
Corollary 1.3. Let X be a symmetric space of noncompact type and let Γ be
a Zariski dense discrete subgroup of the isometry group of X. If Γ is radially
cocompact, then Γ is convex cocompact.
Due to the rigidity result of Kleiner–Leeb [7] and Quint [12], Corollary
1.3 implies that the class of radially cocompact groups reduces to products
of uniform lattices and rank one convex cocompact groups.
2. Preliminaries
Throughout this paper, let X denote a symmetric space of noncompact
type, G the identity component of the isometry group of X, and Γ a Zariski
dense discrete subgroup of G.
2.1. The geometric boundary. The geometric boundary (or ideal bound-
ary) of X, denoted by ∂∞X, is defined as the set of equivalence classes of
geodesic rays under the equivalence relation that two geodesic rays are equiv-
alent if they are within a finite Hausdorff distance from each other. For any
point o ∈ X and any point at infinity ξ ∈ ∂∞X, there exists a unique unit
speed geodesic ray φo,ξ emanating from o and representing ξ. The pointed
Hausdorff topology on geodesic rays emanating from o ∈ X induces a topol-
ogy on ∂∞X. This topology does not depend on the base point o and is
called the cone topology on ∂∞X.
Let Y be a subset of X. Then the ideal boundary ∂∞Y of Y is defined as
∂∞Y = Y ∩ ∂∞X
where Y is the closure of Y with respect to the cone topology on X ∪ ∂∞X.
2.2. Cartan decomposition. Choose a base point o ∈ X. Let K be the
isotropy subgroup of o in G. Denote by g and k the Lie algebras of G and K,
respectively. Then a Cartan involution induced from the geodesic symmetry
at o gives rise to a Cartan decomposition g = k ⊕ p into its +1 and −1
eigenspaces. Let a be a maximal abelian subspace of p and A = ea. An image
3of A ·o under the action of G is called a maximal flat in X. Any maximal flat
in X is isometric to the Euclidean space whose dimension equals the rank of
X. A nonzero element v ∈ p is said to be regular if the centralizer of v in p
is a maximal abelian subspace of p. Otherwise v is said to be singular. It is
well known that the set of regular elements of a is the complement in a of the
union of a finite collection of hyperplanes in a. A connected component of
the set of regular elements of a is called a Weyl chamber in a. Choose a Weyl
chamber a+ in a. Then it determines a Cartan decomposition G = Kea
+
K
where a+ is the closure of a+ in a. An image of ea
+
· o under the action of G
is called a Weyl chamber in X.
To each ordered pair of two points (x, y) ∈ X × X, there is a unique
vector H(x, y) ∈ a+ such that x = go and y = geH(x,y)o for some g ∈ G.
The vector H(x, y) is called the Cartan vector of the ordered pair (x, y). Let
a+1 = {H ∈ a
+ | ‖H‖ = 1}. For k ∈ K and H1 ∈ a
+
1 , denote by [k,H1] the
unique class in ∂∞X which contains the geodesic ray φ(t) = ke
H1to, t ≥ 0.
Any point ξ ∈ ∂∞X can be written in the form [k,H1]; here, k is called
an angular projection, and H1 the Cartan projection of ξ. Note that the
Cartan projection of ξ is unique but its angular projection is unique up to
right multiplication by an element in the centralizer of H1 in K. A point
ξ ∈ ∂∞X is said to be regular if the Cartan projection of ξ is regular.
Otherwise ξ is said to be singular. Let ∂reg∞ X be the set of regular points in
∂∞X. Then we have the natural projection
π : ∂reg
∞
X → K/M
defined by π([k,H1]) = kM , where M is the centralizer of a in K. The
homogeneous space K/M is called the Furstenburg boundary of X, and is
denoted by ∂FX.
2.3. Axial isometries. For each element g ∈ G, its displacement function
dg : X → R is defined by dg(x) = d(x, gx). If dg has a positive minimum
value in X, then g is said to be axial and the translation length l(g) of g is
defined by
l(g) = inf
x∈X
d(x, gx).
From now on, g is assumed to be axial. By Proposition I.2.3 in [11], the limits
of gno and g−no exist independently of o. Hence the limit g+ = limn→∞ g
no
is called the attractive fixed point of g and the limit g− = limn→∞ g
−no is
called the repulsive fixed point of g. Note that g+ and g− are antipodal. The
set
Ax(g) = {x ∈ X | d(x, gx) = l(g)}
is called the axis of g. Then Ax(g) is closed and consists of the union of all
geodesics translated by g (see [5, Proposition 1.9.2]). For a point x ∈ Ax(g),
the Cartan vector H(x, gx) is called the translation vector of g and denoted
by L(g). Note that the translation vector of g is independent of the choice
of x ∈ Ax(g).
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2.4. The Tits boundary. The geometric boundary ∂∞X of X carries the
angle metric ∠T defined as
∠T (ξ, η) = sup
x∈X
∠x(ξ, η)
where ∠x(ξ, η) is the angle between the geodesic rays φx,ξ and φx,η. The
Tits boundary of X, denoted by ∂TX, is the metric space (∂∞X,∠T ). Two
points ξ, η ∈ ∂∞X are called antipodal if ∠T (ξ, η) = π. Note that ξ and η
are antipodal if and only if there exists a geodesic φ such that φ(∞) = ξ and
φ(−∞) = η.
Let N (M) be the normalizer of a in K. ThenW = N (M)/M is called the
Weyl group of the pair (g, a). It is well known that (∂∞A,W) is a spherical
Coxeter complex which makes ∂∞X into a spherical building, the so-called
Tits building associated with X where A = ea. The ideal boundaries of
maximal flats in X exactly consist of the apartments with respect to the
Tits building on ∂∞X.
2.5. Limit set. Recall that the limit set LΓ of Γ is defined as
LΓ = Γ · o ∩ ∂∞X.
It is obvious that LΓ is a Γ-invariant closed subset of ∂∞X. The directional
limit set PΓ ⊂ a
+
1 is defined as the set of Cartan projections of limit points
of Γ and the limit cone ℓΓ ⊂ a
+
1 is defined as
ℓΓ = {L(γ)/‖L(γ)‖ | γ ∈ Γ regular axial} .
When Γ is nonelementary, it turns out that PΓ = ℓΓ (see [2, 9]).
Link [9] showed that KΓ = π(L
reg
Γ ) is a minimal closed subset of ∂FX
under the action of Γ where LregΓ is the set of all regular limit points of Γ.
3. Proof of the main theorem
We begin by proving the following lemma, which is a key observation for
proving the main theorem.
Lemma 3.1. Let X be a symmetric space of noncompact type and let Γ be
a Zariski dense discrete subgroup of G. Suppose that every limit point of Γ
is conical. Then for any pair of antipodal regular points ξ and ξˆ in LΓ,
∂∞F (ξ, ξˆ) ⊂ LΓ,
where F (ξ, ξˆ) is the unique maximal flat in X whose ideal boundary contains
ξ and ξˆ.
Proof. We first prove the lemma for pairs consisting of the attractive fixed
point and repulsive fixed point of a regular axial isometry in Γ. Then, by
using an approximation argument, we will prove it for an arbitrary pair of
antipodal limit points.
Let PΓ denote the directional limit set of Γ and ℓΓ the limit cone of Γ.
It is known that the interior of PΓ is nonempty and PΓ = ℓΓ when Γ is
Zariski dense. Moreover the limit set of Γ in any Weyl chamber at infinity, if
nonempty, is naturally identified with the set of directions in PΓ. For more
details, see [2, 9]. Hence there is a regular axial isometry γ0 ∈ Γ such that
the translation direction of γ0 is an interior point of PΓ. Since γ0 is a regular
5axial isometry, the axis Ax(γ0) of γ0 is the maximal flat F (γ
+
0 , γ
−
0 ) whose
ideal boundary contains γ+0 and γ
−
0 . Moreover, γ0 acts on F (γ
+
0 , γ
−
0 ) as a
translation in the direction of γ+0 . Let W be a Weyl chamber of F (γ
+
0 , γ
−
0 )
with γ+0 ∈ ∂∞W . According to Benoist’s theorem in [2], ∂∞W ∩ LΓ is
naturally identified with PΓ. Thus the interior of ∂∞W ∩ LΓ is nonempty
and moreover γ+0 is an interior point of ∂∞W ∩ LΓ.
Let S1 be an arbitrary isometrically embedded one-dimensional sphere in
∂∞F (γ
+
0 , γ
−
0 ) passing through γ
+
0 and γ
−
0 . Then there is a Euclidean plane
E
2 ⊂ F (γ+0 , γ
−
0 ) with ∂∞E
2 = S1. We choose a Cartesian coordinate system
on the Euclidean plane E2, (x1, x2) for which o = (0, 0) and the direction of
γ+0 is (1, 0). Since γ
+
0 is an interior point of LΓ∩S
1, there is an open circular
arc I in S1 with γ+0 ∈ I ⊂ LΓ ∩ S
1. Hence it is possible to choose two limit
points ξ, η ∈ I sufficiently near to γ+0 so that γ
+
0 ∈ [ξ, η] ⊂ I where [ξ, η]
denotes the circular arc on S1 connecting ξ and η. We may assume that ξ is
in the direction of the positive x2-coordinate and η is in the direction of the
negative x2-coordinate. Since every limit point of Γ is a conical limit point,
there are sequences (αn) and (βn) in Γ and a constant D > 0 such that
(1) d(αno, φo,ξ) < D and d(βno, φo,η) < D.
Consider the nearest point projection αno of αno to E
2. Then it is obvious
that d(αno, φo,ξ) < D. Since γ0 acts on E
2 as a translation in the direction
of (1, 0), the orbit of αno under the action of the cyclic group 〈γ0〉 lies on
the straight line ℓn ⊂ E
2 parallel to the x1-axis and passing through αno.
Furthermore, the orbit of αno under the action of 〈γ0〉 is l(γ0)-dense in ℓn.
Since ξ is in the direction of the positive x2-coordinate, we can assume that
every αno has a positive x2-coordinate and the x2-coordinate of αno tends
to infinity. Thus {ℓn}n∈N is a family of straight lines parallel to the x1-axis
and going off to infinity from the x1-axis. Then it can be easily seen that
for any half-line ℓ+ in the direction of the positive x2-axis and any n ∈ N,
d(ℓ+, 〈γ0〉 · αno) < l(γ0).
This implies that every point on S1 with the direction of the positive x2-axis
is contained in LΓ.
Noting that η is in the direction of the negative x2-coordinate, a similar
argument to the above leads to the conclusion that every point on S1 with
the direction of the negative x2-coordinate is also contained in LΓ. Therefore
S1 ⊂ LΓ for any one-dimensional sphere S
1 ⊂ ∂∞F (γ
+
0 , γ
−
0 ) passing through
γ+0 and γ
−
0 . Since the union of all one-dimensional spheres passing through
γ+0 and γ
−
0 is ∂∞F (γ
+
0 , γ
−
0 ), we conclude that ∂∞F (γ
+
0 , γ
−
0 ) ⊂ LΓ.
Before dealing with arbitrary regular axial isometries of Γ, note that
∂∞F (γ
+, γ−) ⊂ LΓ implies PΓ = a
+
1 . Now let γ be an arbitrary regular
axial isometry of Γ. Let W be a Weyl chamber with γ+ ∈ ∂∞W . Then since
PΓ = a
+
1 , it follows that ∂∞W ∩LΓ = ∂∞W . Hence γ
+ is an interior point of
∂∞W ⊂ LΓ. Repeating the previous argument leads to ∂∞F (γ
+, γ−) ⊂ LΓ.
Eberlein [5] introduced the notion of Γ-duality as follows: Two points ξ
and η in ∂∞X are Γ-dual if there exists a sequence {γn} ⊂ Γ such that
γno→ ξ and γ
−1
n o→ η as n→∞.
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For more information, see [5, Section 1.9]. Let T 1X be the set of all unit
vectors in X. Eberlein defined the nonwandering set Ω(Γ) ⊂ T 1X of Γ which
is an analogue of the limit set of Γ (see [5, Definition 1.9.10]). By Proposition
1.9.14 in [5], the nonwandering set Ω(Γ) of Γ can be defined by the set of all
unit vectors v ∈ T 1X such that φv(∞) and φv(−∞) lie in LΓ and are Γ-dual
where φv : R → X is the geodesic whose initial vector is v. Let ξ and ξˆ be
antipodal limit points in LΓ.
Lemma 3.2. Let v be a unit vector in T 1X with ξ = φv(∞) and ξˆ =
φv(−∞). Then v lies in the nonwandering set Ω(Γ) of Γ.
Proof. By [5, Proposition 1.9.14], it is sufficient to show that ξ is Γ-dual to
ξˆ. Let D(ξ) be the set of limit points of LΓ that are Γ-dual to ξ. Then D(ξ)
is a Γ-invariant closed subset of LΓ by Proposition 1.9.13 in [5] and thus
π(D(ξ)) is also a Γ-invariant closed subset of the limit set KΓ considered as
a subset of the Furstenberg boundary of X. Since KΓ is a minimal closed
set under the action of Γ by [9, Theorem 1.1],
π(D(ξ)) = KΓ.
This implies that the limit set of Γ in any Weyl chamber at infinity, if
nonempty, has a point that is Γ-dual to ξ.
Let η ∈ LΓ be a limit point that is Γ-dual to ξ. Then, by definition, there
exists a sequence {γn} ⊂ Γ such that γno → ξ and γ
−1
n o → η as n → ∞.
Then the direction of H(o, γno) tends to the direction of ξ and the direction
of H(o, γ−1n o) tends to the direction of η. Hence it can be easily seen that
η is antipodal to ξ. Therefore any limit point ξˆ of LΓ that is antipodal to ξ
must be Γ-dual to ξ. 
By [9, Proposition 4.9], there exists a sequence of regular axial isometries
{hn} ⊂ Γ such that h
+
n converges to ξ and h
−
n converges to ξˆ. Furthermore,
d(x, F (h+n , h
−
n )) remains bounded as n→∞. Hence F (h
+
n , h
−
n ) converges to
the maximal flat F (ξ, ξˆ) in the Chabauty topology. As we have seen before,
∂∞F (h
+
n , h
−
n ) ⊂ LΓ for all n ∈ N. Since LΓ is closed in ∂∞X, it follows that
∂∞F (ξ, ξˆ) ⊂ LΓ, which completes the proof. 
Proof of Theorem 1.2. We will prove that LΓ is a top dimensional subbuild-
ing of the Tits building associated with X. It is sufficient to prove that any
two points in LΓ are contained in a common apartment in the Tits building.
Let ξ and η be any two regular limit points of LΓ. Since Γ is Zariski dense,
η has an antipode ηˆ ∈ LΓ. By Lemma 3.1, the apartment A(η, ηˆ) containing
η and ηˆ is contained in LΓ.
According to Lemma 3.10.2 in [6], there is a point ξˆ ∈ A(η, ηˆ) such that
π = d(ξ, ξˆ) = d(ξ, η) + d(η, ξˆ).
Hence there is an apartment A0 containing ξ, ξˆ and η. Since ξ and ξˆ are
antipodal regular limit points of Γ, it follows from Lemma 3.1 that A0 ⊂ LΓ.
Therefore, any two regular points of LΓ lie in an apartment contained in LΓ.
Let ξ′ and η′ be arbitrary points in LΓ. Since PΓ = a
+
1 , it is possible
to choose regular limit points ξ and η of Γ sufficiently near to ξ′ and η′
respectively so that ξ and ξ′ are contained in one Weyl chamber at infinity
7and η and η′ are contained in one Weyl chamber at infinity. Then, as seen
before, there is an apartment A′0 ⊂ LΓ such that ξ, η ∈ A
′
0. Since ξ and
ξ′ are contained in one Weyl chamber at infinity, it follows that ξ, ξ′ ∈ A′0.
Similarly η, η′ ∈ A′0 and thus ξ
′, η′ ∈ A′0 ⊂ LΓ. Hence LΓ is a top dimensional
subbuilding of the Tits boundary of X.
Let X = X1 × · · · ×Xk be the de Rham decomposition of X. Applying
Theorem 3.1 in [7] to the top dimensional subbuilding LΓ of ∂TX, the limit
set LΓ splits as a join LΓ = B1 ◦ · · · ◦Bk where Bi = ∂TXi when Xi has rank
at least two, and |Bi| =∞ for each i. Let Ci be the closed convex hull of Bi.
If Xi has rank at least two, then Ci = Xi. Then C :=
∏
iCi is a Γ-invariant
closed convex subset of X with ∂∞C = LΓ. It only remains to prove that Γ
acts on C cocompactly.
The cocompactness of the Γ-action on C can be shown by Bowditch’s
proof of Proposition 6.13 in [4]. For the reader’s convenience, we here give
a proof. Suppose that C/Γ is not compact. Then there is a sequence {xn}
in C such that d(xn,Γo) → ∞ as n → ∞. Since d(xn,Γo) = d(Γxn, o), it
follows that d(Γxn, o) →∞ as n→∞. Let yn be the point on Γxn nearest
to o, that is,
d(yn, o) = d(Γxn, o) = d(Γyn, o) = d(yn,Γo).
Note that yn ∈ C due to the Γ-invariance of C. By passing to a subsequence,
we may assume that yn converges to some limit point ξ ∈ LΓ. Since every
limit point of Γ is conical, there is a sequence {γn} in Γ such that γno
remains within a bounded distance of the geodesic ray φo,ξ. Now we have
two sequences {yn} and {γno} in X tending to ξ. This means that ∠o(yn, ξ)
and ∠o(γno, ξ) converge to 0 as n → ∞. Furthermore, since γno remains
within a bounded distance of the geodesic ray φo,ξ, we have that for any
n ∈ N, ∠γno(ym, ξ) converges to 0 as m → ∞. Hence there is a geodesic
triangle with vertices o, γpo and yq such that ∠γpo(o, yq) >
pi
2 . By the law of
cosines in a symmetric space X of noncompact type,
d(o, yq)
2 ≥ d(o, γpo)
2 + d(γpo, yq)
2 − 2d(o, γpo)d(γpo, yq) cos∠γpo(o, yq).
Since ∠γpo(o, yq) >
pi
2 , the above inequality implies that
d(o, yq) > d(γpo, yq) ≥ d(Γo, yq) = d(o, yq)
which contradicts the choice of yq. Therefore Γ acts on C cocompactly. 
4. Radially cocompact groups
To define the notion of a radially cocompact group, we begin by recalling
the definition of a radial limit point.
Definition 4.1. A point ξ ∈ ∂∞X is called a radial limit point of Γ if there
exists a sequence {γn} of elements of Γ such that γno converges to ξ and
remains within a bounded distance of the union of closed Weyl chambers
with apex o containing the geodesic ray φo,ξ starting from o and pointing
towards ξ. The set of radial limit points is denoted by LradΓ .
Definition 4.2. A nonelementary discrete group Γ < G is called radially
cocompact if there exists a constant c > 0 such that for any ξ ∈ ΛradΓ and for
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all t > 0, there exists an element γ ∈ Γ with
d(γo, φo,ξ(t)) < c.
Note that the notion of a radial limit point is a weaker notion than that
of a conical limit point. Definition 4.2 means that every radial limit point of
a radially cocompact group is conical. Indeed it is not difficult to prove that
every limit point of a radially cocompact group is conical, as follows.
Lemma 4.3. Let Γ be a radially cocompact, Zariski dense discrete subgroup
of G. Then every limit point of Γ is a conical limit point.
Proof. First of all, it is obvious that the fixed points of regular axial isome-
tries of Γ are all conical limit points. By [9, Theorem 4.10], if Γ is Zariski
dense, the set of attractive fixed points of regular axial isometries of Γ is a
dense subset of the limit set LΓ. Hence, given a limit point ξ ∈ LΓ, there
exists a sequence {ξn} of attractive fixed points of regular axial isometries
of Γ such that ξn converges to ξ in the cone topology on ∂∞X. Since each
ξn is a radial limit point and Γ is radially cocompact, then for each n ∈ N
and each t > 0 there exists an element γn,t ∈ Γ such that
d(γn,t · o, φo,ξn(t)) < c,
for some constant c > 0 depending only on Γ. Noting that φo,ξn converges to
φo,ξ in the Chabauty topology and φo,ξn(t) converges to φo,ξ(t) as n → ∞,
it immediately follows from the triangle inequality that for each t > 0 there
exists a number n(t) > 0 such that
d(γn(t),t · o, φo,ξ(t)) < 2c,
which implies that ξ is a conical limit point. 
Combining Lemma 4.3 with Theorem 1.2, Corollary 1.3 immediately fol-
lows.
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